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Abstract. Let Q be a Noetherian ring with finite KruU dimension and let 
f = /l , . . . /c be a regular sequence in Q. Set A = Q/(f). Let I be an ideal in 
A, and let M be a finitely generated A-module with projdiniQ M finite. Set 
n{I) = 0„>o^": the Rees-Algebra of I. Let N = ©j>oA^j be a finitely 
generated graded 7^(/)-module. We show that 

00 Ext^(M,iV,) 

is a finitely generated bi-graded module over S = 'Ji{I)[ti, . . . ,tc]. We give 
two applications of this result to local complete intersection rings. 



1. INTRODUCTION 

Let A be a Noetherian ring. Let / be an ideal in A and let M be a finitely gener- 
ated A-module. M. Brodmann [4 proved that the set Ass^i AI/I^M is independent 
of n for all large n. This result is usually deduced by proving that 
Assa M / I"^^ M is independent of n for all large n. 

Some Generalizations of Brodmann's result 
Fix i > 0. The following sets are independent of n for all large n. 

1 (L. Melkerson and P. Schenzel) ^ Theorem 1] 

(a) AssATorf(M, /"//"+!). 

(b) AssATorf(M,A//"). 

2 (same argument as in 1(a)). 
Assa Ext\{M, /"/J"+i). 

3 (D. Katz & E. West; [SI 3.5]) Assa Ext^(M, A//"A). 
An example of A. Singh [12] shows that 

Ass^ limExt^(A//", M) need not be finite. 

So in this example 

(J Ass^ Ext^(A//", M) is not even finite. 
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We state some questions in this area which motivated me. 

(1) (W. Vasconcelos: [H 3.5]) Is the set 

y Ass A Ext^ (M.A) finite ? 

i>Q 

(2) (L. Melkerson and P. Schenzel: [lOl page 936]) Is the set 

(J y AssATorf(M,^//") finite ? 

i>0 n>0 

The motivation for the main result of this paper came from a Vasconcelos's ques- 
tion. The author now does not beUeve that Vasconcelos's question has a positive 
answer in this generality. However he is unable to give a counter-example. Note 
that if A is a Gorenstein local ring then Vasconcelos's question has, trivially, a 
positive answer. If we change the question a little then we may ask: if M, D are 
two finitely generated A-modules then is the set 

y Assyi Ext^ (A/, D) finite ? 

i>0 

This is not known for Gorenstein rings in general. Using Melkerson and Schenzel's 
question as a guidepost the questions I was interested to solve was 

Let {A, m) be a local complete intersection of codimension c. Are the sets 

(a) y y AssA'Ext\iM,D/PD) finite ? 

i>0 j>0 

0^) ^ssA'Ext\{M,PD) finite? 

i>0 j>0 

In Theorem 15.91 we prove that (b) holds. I have been unable to verify whether (a) 
holds. 

The main result in this paper is the following regarding finite generation of a 
family of Ext modules. Let TZ{I) = ®„>o /"i" be the Rees algebra of /. 

Theorem 1. Let Q be a Noetherian ring with finite Krull dimension and let f = 
/i, . . . /c he a regular sequence in Q. Set A — Q/{i). Let M be a finitely generated 
A-module with projdimg M finite. Let L an ideal in A and let N — ®„>q Nn he a 
finitely generated TZ{I) -module. Then 

i>0 ri>0 

is a finitely generated hi-graded S ~ TZ{L)[ti, . . . ,tc\-module. 

An easy consequence of this result is that (b) holds (by taking N — 0„>o I^D); 
see Theorem 15.11 A complete local complete intersection ring is a quotient of a 
regular local ring mod a regular sequence. So in this case (b) holds from Theorem 
15.11 The proof of (b) for local complete intersections in general is a little technical; 
see Theorem 15.91 

We next discuss a surprising consequence of Theorem [T] Let {A,m) be a local 
complete intersection of codimension c. Let M, N be two finitely generated A- 
modules. Define 

cx^(M,iV) = inf|6eN| Ji^ < A 
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In this section [6] we prove, see Theorem 16. 11 that 

(t) cxa{M,PN) is constant for all j » 0. 

We now describe in brief the contents of this paper. In section one we give 
a module structure to £{N) over S (as in Theorem [1]). We also discuss a few 
preliminaries. The local case of Theorem [T] is proved in section 2 while the global 
case is proved in section 3. In section 4 we prove our results on asymptotic primes. 
In section 5 we prove (f). 

Acknowledgements: The author thanks Prof. L. L. Avramov and Prof. J. Herzog 
for many discussions regarding this paper 



2. MODULE STRUCTURE 

Let Q be a Noetherian ring and let f — /i, . . . /c be a regular sequence in Q. 
Set A = Q/{f). Let M be a finitely generated A-module with projdimg M finite. 
We will not change M throughout our discussion. Let / an ideal in A and let 
N = 0„>o Nn be a finitely generated 7^(/) = 0„>o /"^"-module. Set 

^W-00Ext!4(Af,7V„). 

i>0 n>0 

In this section we show £{N) is a bi-graded <S = TZ{I)[ti, . . . , tcj-module. We also 
discuss two preliminary results that we will need later in this paper. 

2.1. Let ¥ : ■ ■ ■ Fn ^ ■ ■ ■ Fi ^ Fq ^ he a free resolution of M as a A-module. 
Let ti, . . .tc'. F(+2) F be the Eisenbud- operators P, section 1.] Then 

(1) ti are uniquely determined up to homotopy. 

(2) ti,tj commute up to homotopy. 

2.2. Set T = A[ti, . . . ,tc] with degti = 2. 

In [7] GuUiksen shows that if projdimg Af is finite then 0^>p Ext^(M, i) is a 
finitely generated T-module. 

2.3. Let N — 0„>o be a f.g module over 72.(1). Let u — xf^ . The map 

Nn ^ Nn+i yields 
Hom(F, 7V„) ^ Hom(F, Nn){+2) 

U U 

Hom(F,iV„+,) ^Hom(F,7V„+,)(+2) 

Taking homology gives that 

^(^) = 0^>o ®n>o Ext^(M, iV„) is a bi-graded S = i?(/)[ti, . . . , t,]-moAu\e. 

Remark 2.4. 1. For each j, we have 0„>q Ext^(M, iV„) is a finitely generated 
i?(/)-module. 

2. For each n, we have 0j>o Ext^(A/, Nn) is a finitely generated A[ti, . . . , tc]- 
module. 

We state two Lemma's which will help us in proving Theorem [TJ 



4 



TONY J. PUTHENPURAKAL 



2.5. Notation 

(1) Let N = 0„>o Nn be a graded 7^(/)-^lodule. Fix j > 0. Set 

n>j 

£{Nyj) is naturally isomorphic to the submodule 

i>Q n>j 

oi£{N). 

(2) If y4 ^ A' is a ring extension and if D is an A-module then set D' — Z)®yi A'. 
Notice that if D is finitely generated A-module then D' is a finitely generated A'- 
module. 

(3) Set S' — S(E)aA'. Notice S' is a finitely generated bi-graded A'-algebra. Let 
U = ®i>o ®ri>o ^6 a graded 5-niodule. Then 

i>0 n>0 

is a graded iS'-module. 

Lemma 2.6. If £(N>j) is a finitely generated S-module then £{N) is a finitely 
generated S-module. 

Proof. Set D — £{N)/£{N>j) We have the following exact sequence of 5- modules 

— > £{N>j) — > £{N) — > D — > 0. 

Using Gulliksen's result it follows that is a finitely generated T = A[ti, . . . ,tc]- 
module. Since T is a subring of S, we get that D is a finitely generated 5-module. 
Thus if £{N>j) is a finitely generated 5- module then £{N) is a finitely generated 
5-module □ 

Lemma 2.7. [with notation as in \2.5Y 3)I Let A — ^ A' be a faithfully fiat extension of 
rings and let U = ® j>Q ®„>o Ui^n be a graded S-module such that Ui^n is a finitely 
generated A-module for each i,n > 0. If U' is a finitely generated S' -module, then 
U is a finitely generated S-module. 

Proof. Choose a finite generating set L of [/'. Suppose degj u < a and deg„ u < b 
for each u £ L. For Q < i < a and < ?i < 6 choose a finite generating set Ci_„ of 
Ui^n- Set 

a b 

c=\J\J Q,„. 

Set C" = {u (g) 1 I u G C}. Let V be the submodule of U generated by C. By 
construction C generates U' . So U' = V . Thus (U/V) i^a A' = 0. Since A' is a 
faithfully flat A-algebra we get U ^ V. So ?7 is a finitely generated 5-module. □ 

3. The local case 

In this section we prove Theorem [T] when {Q, n) is local. Let m be the maximal 
ideal of A. Set k = A/m. Let / be an ideal in A. Set F{I) = 7^(/) (gjj^ k = 
0„>Q/"/m/" the fiber cone of /. 
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3.1. Assume N = 0„>o -^n is a finitely generated 7^(/)-module. Notice 

F{N) = AT ®^ fc ^ iV„/miV„ 

n>0 

is a finitely generated F(/)-niodule. Set 

spread(Af) :— dim^(/) N/mN the analytic spread of N. 

Proof of Theorem [I] in the local case. 
Case 1. The residue field k — A/m is infinite. 
We induct on spread(7V). 

First assume spread (A^) = 0. This impUes that A^„/miV„ = for all n ^ 0. 
By Nakayama Lemma, Nn — for all n ^ 0; say Nn = for all n > j. Then 
£{N>j) = and it is obviously a finitely generated 5-module. By 12.61 we get that 
£{N) is a finitely generated 5-module. 

When spread(7V) > then there exists u = xt e which is iV © F(7V)-filter 

regular, i.e., there exists j such that 

(0: Nu)n — and (0: ^(w)^^) = for all n > j. 

Set N^j — ®„>j Nn and U — Nyj/uNyj. Notice we have an exact sequence of 
7?.(/)-modules 

— ^ N>j{-1) N>j — >U — > 0. 
For each n > j the functor HomA(M, — ) induces the following long exact sequence 
of yl-modules 

^ HomA(M, Nn) ^ HomA(M, 7V„+i) Hom^(M, C/„+i) 
^ Ext\(M, Nn) ^ Ext^(M, Nn+i) Ext^(M, C/„+i) 

— ^ Ext^(M, Nn) ^ Ext^(M, Nn+i) Ext^(M, Un+l) 

Using the naturality of Eisenbud operators we have the following exact sequence of 
5-modules 

f(7V>j)(-l,0) ^ £{N>j) £{U) 

By construction 

spread(?7) = spread(A^>j) — 1 = spread(A^) — 1. 

By induction hypothesis £{U) is a finitely generated iS-module. Therefore by 
Lemma 13.21 we get £{N>j) is a finitely generated vS-module. Using 12.61 we get 
that £{N) is finitely generated 5- module. 
Case 2. The residue field k is finite. 

In this case we do the standard trick. Let Q' — Q[X]nQ^x]- Set A' — A 0q Q' . 
Notice A' = (5[^]mQ[jf] is a fiat A-algebra with residue field k{X) which is infinite. 
Set /' = I A' and M' = M ®q Q' = M ®a A' . Notice projdimg, M' is finite. Set 
7^(/)' n{r) the Rees algebra of /'. Notice that N' ^ N ®a A' is a finitely 
generated 7^(/)'-module. Also note that £{N') = £{N) ®a A'. 

By Case 1 we have that £{N') is a finitely generated iS'-module. So by Lemma 
12.71 we get that £{N) is a finitely generated <S-module. □ 

The next Lemma is a bi-graded version of Lemma 2.8 (1) from [llj . 
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Lemma 3.2. Let R be a Noetherian ring (not necessarily local) and let B = 
©j,j>o ^i^j ^ finitely generated bi-graded R-algebra with Bofl = R- Set 

■^^ = ^ihO) "''^'^ -^y = ^(o,i) • 

i>0 j>0 

Let V = Vij be a bi-graded B-module such that 

(1) Vi^j is a finitely generated R-module for each i,j > 0. 

(2) For each i>0,Vi = 0j>o Vij is finitely generated as a By-module 

(3) For each j > 0, Vj = ®j>o Vij is finitely generated as a B^-module 

(4) There exists z G -B(r,o) (with r > 1) such that we have the following exact 
sequence of B -modules 

V{-r,0) 

where D is a finitely generated bi-graded B-module. 
Then V is a finitely generated B-module 

Proof. Step 1. We begin by reducing to the case when ^ is surjective. 

Notice D' = image?/' is a finitely generated bi-graded _B-module. If V D' is 

the map induced by tp then we have an exact sequence 

V{-r,0) ^ D' ^0. 

Thus we may assume V' is surjective. 

Step 2. Choosing generators: 
2. 1 : Choose a finite set in F of homogeneous elements such that 

= {V(w;) \w&W} 

is a generating set for D. 

2.2: Assume all the elements in W have x-co-ordinate < c. 

2.3: For each i > 0, by hypothesis Vi is a finitely generated By-module. So we 
may choose a finite set Pi of homogeneous elements in Vi which generates Vi as a 
By-module. 
2.4: Set 

Clearly G is a finite set. 

Claim: G is a generating set for V. 

Let U be the _B-submodule of V generated by G. It suffices to prove that Uij = Vij 
for all i,j > 0. By construction we have that for < z < c 

(*) Uij = Vi^j for each j > 

Let ^ be the lex-order on X = Z>o x Z>o. It is well-known that ^ is a total 
order on X. So we can prove our result by induction on X with respect to the total 
order ^. 

The base case is (0, 0). 
In this case f7o,o = Vo,o by (*). 

Let {i,j) G X\ {(0, 0)} and assume that for all (r,s) -< (i, j); we have f7,j = 

Subcase 1. i < c. 
By (*) we have f7,j = Vij. 
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Subcase 2. i > c. 

Let p £ Vij. By construction, note that there exists wi, . . . , Wm E W C C such 
that 

m 

ip{p) — hitp(wi) where hi G B. 

1=0 

We may assume that deg hiwi = for each I Set p' = J^iLo^i'^i ^ ^ij - Notice 

1. p' e C/^j. 

2. p ~ p' (z ker t/;. 
So 

p — p — z • q where gr G V(i_r,j) • 
li q = Q then p = p' e Utj . 

Otherwise note that {i — r,j) -< j). So by induction hypothesis q £ U(i^r,j)- It 
follows that p G Uij. 

Thus 14 J C Ui^j. Since J7ij C V^ .,- by construction it follows that C/^j = Vi^j. 
The result follows by induction on X . □ 



4. The global case: 

We need quite a few preliminaries to prove the global case. See 14.21 for the 
difficulty in going from local to the global case. Note that in the local case we 
proved the result by inducting on spread(Af). This is unavailable to us in the 
global situation as there are usually infinitely many maximal ideals in a global 
ring. Most of this section we will discuss two invariants of a graded 7?.(/)-module 
N = ®„>Q Nn- We will use these invariants to prove Theorem [T] by induction. 

4.1. Notation and Conventions: We take dimension of the zero module to be — 1. 
We define the zero-polynomial to have degree — f . 

Let «P e Spec Q. If Cp D f then set p = «P/f . If «p ^ f then any A-module locahzed 
at ^ is zero. So assume ^ f . Notice 

(1) 7^(/)p =n{IA^) and^p 7^(/)p [ii, . . . , 

(2) Mp ~ Aftp has finite projective dimension as a Qqj-module. 

(3) £{N\^£{N,). 

4.2. The difficulty in going from local to global: 

For each p e Spec A it follows from l4.1l that £{Np) is a finitely generated Ap-module. 
Usually Supp^£(iV) will be an infinite set. So we cannot apply the local case and 
conclude. 

The situation when Supp^ ^i^) is a finite set will help in the base step of our 
induction argument to prove Theorem [TJ So we show it separately. 

Lemma 4.3. // Supp^£(A^) is a finite set then £{N) is a finitely generated S- 
module. 

Proof. We may choose a finite subset C of £{N) such that its image in £{N)p 
generates £{N)p for each p e Supp^i?(Af). Set U to be the finitely generated 
submodule of £{N) generated by C. 

Set D = £(N)/U. Notice that ZJp = for each p e Spec^. So Z) = 0. Therefore 
£{N) = [/ is a finitely generated ^-module. □ 
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4.4. First Inductive device: 

Since is a finitely generated TZ{I) -module we have ann^ Ni C ann^ iVi+i for all 
i ^ Q. Since A is Noetherian it follows that ann^ Nn is constant for all n ^ 0. 
Call this stable value £in- This enables us to define Limit dimension of N. 

limDimA^ — lim dim^ = dimA/£N. 

n — >oo 

Since A has finite KruU-dimension we get that limDimiV is finite. 

4.5. Let *p be a prime in ideal in A. If Z? is a finitely generated ^-module then 

ann^,p Dqj = (ann^ -C)<p = (ann^ D) At^. 

Therefore 

4.6. Note that if limDim(iV) = -1 then iV,- = , say for aU j > jq. So £iN>j^) = 0. 
Using [2?6l it follows that £{N) is a finitely generated iS-module. The first non-trivial 
case is the following 

Proposition 4.7. //limDim(Af) ~ then £{N) is a finitely generated A-module. 

Proof. This implies that A/£,m is Artinian. Say dmiNn = for n>r. Clearly 

Supp^ £{N>r) C Supp^ A/£,N a finite set of maximal ideals in A. 

It follows from 14.31 that £{N>r) is a finitely generated iS-module. Using [^31 we get 
that £{N) is a finitely generated iS-module. □ 

4.8. higher degree filter-regular element 

We do not have filter regular elements of degree 1 in the global situation. However 
we can do the following: 

Set E = N/H^^{N). Assume E ^ 0. As H^^{E) = there exists homogeneous 
u € i?+ such that u is i?-regular, [Fl 1.5.11]. Say degw — s. Since £'„ = Nn for 
all n ;3> it follows that the map Ni — > Ni-^-s induced by multiplication by u is 
injective for all i ^ 0. We will say that m is a iV filter-regular element of degree s. 

4.9. The second inductive device: 

We now discuss a global invariant of N which patches well with local ones. 

4.10. The local invariant 

Let {A, m) be local and let W — 0„>o be a finitely generated 7?.(/)-module. 
For convenience we assume that £vK — ann^ Wn for all n > 0. Let a C £,^' be an 
ideal. Fix j > 0. Set 



da{W,j) 



0, if dimWj < dim A/a, 

e{m,Wj); otherwise. 



Note that Wj is an A/a-module and that da{W,j) is the modified multiplicity 
function on the A/ a-module Wj. 

Remark 4.11. Notice if dimlT/^ = dim A/ a then 

da{W,j)=d&„{W,j). 

Let /i(-D) denote the minimal number of generators of an A-module D. 

Lemma 4.12. The function da(W, — ) is polynomial of degree < — 1. 
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Proof. Wc may assume that the residue field of A is infinite. Set T ~ Tl{I) / aJZ{I) = 
®n>o^"- Notice To = A/ a. Let x = xi, . . . , a;r be a minimal reduction of m{A/a). 
So e(m, — ) — e(x, — ), cf. [5, 4.6.5]. Then by a result due to Serre, cf., [5, 4.7.6], we 
get that 

r 
1=0 

Notice Hi{ii,W) = 0j>q i/i(x, W^) is a finitely generated T/xT-module. Notice 
(T/xr)o — A/{a + x) is Artinian. Furthermore (T/xT)i is a quotient of TZ{I)i and 
so can be generated by fi{I) elements. Therefore the function j ^ I {Hi{x, Wj)) is 
polynomial of degree < — 1. The result follows. □ 

Definition 4.13. 9{a, W) = degree of the polynomial function da(W, — ). 

Clearly 6{a,W) is non-negative if and only if limDimVF = dim i?/a and is — 1 
otherwise. 

4.14. Tiie global invariant 

Let A he a Noethcrian ring with finite KruU dimension. Let / ~ [xi, . . . ,Xs) be 
an ideal in A. Let W ~ ®„>o be a finitely generated 7?.(/)-module. For 
convenience we assume that £w — ann^ Wn for all n > 0. Let a C £,^/ be an ideal. 
Set 

C{a) = {m I m e m-Spec(yl), m 3 a & dim{A/a)m ~ dim A/a}. 
Let / = (xi, . . . ,Xs). If m e C(a) then note that 

(a) W^m=®„>o(W^n)m. 

(b) -Cwm = {S<w)m- So am C 

(C) ^^(a,n,M^m) <S-1. 

Define 

e{a,W) = raa.x{0{a,n,Wm) \ m £ C(a)}. 
By (c) above we get that 9{a, W) is defined and is < s — 1. 

4.15. Properties of 9{a,W). 

We describe some properties of 9{a, W) we need for the proof of global case of 
Theorem [TJ Let / = (xi , . . . , ) . 

(i) ^(a,^^) < s - 1. 

This is clear, 
(n) IfSlwT^A then 9(2w, W) > 0. 

It suffices to consider the local case. Note that then ds.y^{W,j) > for all 

j > 0. It follows that 9{2w,W) > 0. 
(in) 9{a, W) = —1 if and only if limDim W < dim A/a. 

This follows from the following four facts: 

(a) By definition of C(o) we have that 

diniA/o = dim(A/a)m for each m G C(a). 

(b) If 9{a, W) = -1 then 0(om, Wm) = -1 for all m £ C(o). This is equivalent 
to saying that hmDim Wm < dim(y4/a)m for all m S C(a) 

(c) Note that since a C we get that 

limDim = max{ limDim VFm | tri G C(a)} 
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(iv) If e{a, W)>0 then 9{£w, W) < 0{a, W). 

By previous item we get that hmDimW = dim A/a. By hypothesis we also 
have a C Since dim^/a = dimA/2w it follows that C{£w) ^ C(a). 

UsingHHUit follows that 6'(£vk, W) < e{a, W). 

(v) u G TL{I)+ be homogeneous of degree b. Assume u is W^-filter regular. Set 
E = W/uW. Then 

e{£,w,E) < e{£w,w) - 1. 

Suppose 9{£w,E) — 9{{£w)p, Ep) for some p G C(a). Since u is filter 
regular; multiplication by u induces the following exact sequence 

^ Wj^b Wj -.Ej-^Q for aU j > 0. 

Localization at p yields an exact sequence 

^ (W^j-6)p ^ {Wj)p ^ {Ej\ ^ for all j » 0. 

Since dsi^^,^{—, — ) is an additive functor on (yl/£n/)p)-modules we get that 

e{{Zw)p,Ep) = e{{Zw)p.Wp)-i. 

The result follows since 

S {{Zw)p,Ep) — 6{£w,E) 
and e{{£w)p,Wp) <e{£w,W). 
We now give a proof of our main result 

Proof of Theorem\^ We induct on limDim A'^. 

If limDimA^ = — 1,0 then the result follows from 14.71 

Assume limDim A^ > 1 and assume the result holds for all 7?.(/)-modules E with 
limDimi? < limDim A^ — 1. Let x £ TZ{I)+ be homogeneous and a A^- filter regular 
element. Set D = N/xD. By Lemma [2.61 it suffices to assume the case when x is 
A^- regular. 

We now induct on e{£.N,N) If e{£,N,N) = then e{£.N,D) < -1, bylUgv). 
Using HTSf iii) we get that 

limDim D < dimyl/£jv = limDim A^. 

By induction hypothesis (on limDim) the module £{D) is finitely generated S- 
module. The short exact sequence of ??.(/) -modules 

^ N{-r) ^ N D->0 

induces an exact sequence of iS-modules 

£{N){-r) ^ £{N) ~* 8{D). 

By Lemma [3^ we get that £{N) is a finitely generated tS-module. 

We assume the result if 9{£n, N) < i and prove when 6{£,n, N) — i + 1. Let D 
be as above. So 9{Zn,D) < i, bv l4.15r v). 

If 0(£jv, D) = —1 then the argument as above yields £{N) to be a finitely generated 
iS- module. 

If e{ZN,D) > then bv lirsT iv) we get that e{£.D,D) < e{ZN,D) < i. So by 
induction hypothesis on 9{—, — ) we get that £{D) is a finitely generated 5-module. 
By an argument similar to the above we get that £{N) is a finitely generated 
>S- module. □ 
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5. Application I 
Asymptotic Associated primes 

In this section we give a proof of our main motivating question Theorem 15.91 
We also give two proofs of Theorem 15.11 

Theorem 5.1. Let Q be a Noetherian ring with finite Krull dimension and let f = 
/i, . . . /c be a regular sequence in Q. Set A = Q/{{). Let M be a finitely generated 
A-module with projdimg M finite. Let I an ideal in A and let N — ®„>q N„ be a 
finitely generated TZ(L) -module. Then 

[J [J Ass Ext^(M, iV„) is a finite set. 

n>0 i>0 

Furthermore there exists io,no such that for all i > io and n > uq we have 

Ass Ext^*(M,7V„) = Ass Ext^'"(M,A„J 

Ass Ext^'+\M,A^„) = Ass Ext^'"+^(M, 7V„J 

The following example shows that two set of stable values of associate primes 
can occur 

Example 5.2. Let Q = k[[u,x]], A = Q/{ux). Let M = Q/{u), I ^ A and 
N = M[t] (so Nn = M for aU n). 
For i > 1 one has 

Ext^*-i(M, M) = Ext^*(M, M) = k. 

5.3. We now state special case of a result due to E. West [HI 3.2;5.1]. 

Let R = A[xi, . . . , Xr] j/i, . . . Us] be a bi-graded A-algebra with degx^ = (2, 0) and 
degyj = (0, 1). Let M = 0- ^^^^ M(i,„) be a finitely generated i?-module. Then 

(1) Uj>oU„>o AssaM(,^„) is a finite set. 

(2) 3 iojUQ such that for all i >io and n > uq we have 

AsSaM(2,,„) = AsSaM(2,o,„o) 
ASS^ M(2i+l,n) = ASSA M(2io + i,„„) 

First proof of Theorem 15. il The result follows from our main Theorem [T] and 15.31 

□ 

For the convenience of the readers we give a self-contained second proof of Theo- 
rem l5.ll We need the following exercise problem from Matsumara's text (6.7, page 
42) i. 

Fact 5.4. Let f : A B be a ring homomorphism of Noetherian rings. Let U be 
a finitely generated B -module. Then 

AssA [/ = {^3 n A I <p G Assb U} 

In particular Assa U is a finite set. 

We will also need the following 

Lemma 5.5. Let R = A[xi, . . . ,Xr',yi, ■ ■ -Vs] be a bi-graded A- algebra with degXi = 
(1,0) and dcgyj = (0,2). Let D — -^^^ D(^i j) be a finitely generated R- module. 
Set I = r • s. Then there exists io^jo such that there exists inclusions 

D\^+i,j+2} for all i>iokj> jo 
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Proof. Let R++ = 0,j>i R{i,j) be the irrelevant ideal of R. Set 

It is easy to check that — E(i j) for all i,j 3> 0. So if = then we have 

nothing to prove. 

We consider the case when E ^ 0. Notice that 

H^^^ [E) = 0. So grade(i?++, £:) > 0. 

Now is generated by the I elements Xiyj] where 1 < i < r and 1 < j < s. 

Notice also that degccij/j = (1, 2) for alH, j. Consider the map 

(t>: E^ {E{1,2))^ 
d XiDjd. 

Since grade(i?++, > we get that (p is injective. Since = ^(i.j) for all 

i,j ^ 0; the result follows. □ 

Second proof of Theorem\SI^ Let 5 = n{I)[ti, . . . .t^]. Then L» = E{N) is a 
finitely generated iS-module. 

1. Bv l5.4[ it follows that Ass^i £'(A^) is a finite set. Notice that 

AssAf(iV) = U y Ass Ext^(Af, Ar„). 

n>0 i>0 

2. Bv l5.5l it follows that we have inclusions 

Ext^(M, Nn) ^ Ext^^(Af, 7V„+i) for all n > 0. 

It follows that 

Assa Ext^(M, N„) C Assa Ext^^(M, A^„+i) for all i, n » 0. 
Using 1. we get the result. □ 



To prove an analog of Theorem 15.11 for a local complete intersection we need the 
following result. 

Lemma 5.6. Let {A,xn) be a Noetherian local ring. Let A he the completion of 
A with respect to m. Let B be a finitely generated A-algebra containing A. Let E 
be an A-module such that E ®a A is a finitely generated B -module. Let D be any 
finitely generated A-module. Then 

(a) Ass^ E (g)A A is a finite set. 

(b) Assa E a is a finite set. 

(c) Ass^ E — Assa E 'S)a A. In particular Assa E is a finite set. 

(d) Assa D = Assyi D A. 

To prove this result we need Theorem 23.3 from [S]. Unfortunately there is a 
typographical error in the statement of Theorem 23.3 in 9J. So we state it here. 

Theorem 5.7. Let ip: A ^ B he a homomorphism of Noetherian rings, and let E 
be an A-module and G a B -module. Suppose that G is flat over A; then we have 
the following: 

(i) j/p e Spec^ and G/pG ^ then 

V (Asss(G/pG)) - Assa{G/pG) = {p}. 
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(ii) Assb(£;® G) = U Assb(G/pG). 

peAssA(E) 

Remark 5.8. In [9] AssAiE ® G) is typed instead of Assb{E ® G). 

Proof of Theorem \5.6l We consider the natural ring homomorphisms 

a: A 

13: A^ B 
j: A^ B 

Clearly 7 = /3 o a. 

(a) We use the map f3 and fact 15.41 to get our result. 

(b) We use the map 7 and fact 15. 41 to get our result. 

(c) On the spectrum of the rings we have: 

"7= °a o "p. 

Therefore using fact 15.41 we get 

AssaE(E)A^ "■a{Ass^E (g) A) 

= {P n A \ P (E Ass^E (S) A}. 

We consider the flat extension a : A ^ A. By Theorem 15.71 (ii) (with G = A) 
we have 

(*) Ass^(^®aA)= U Ass^l/'pl 

<PgAssa E 

Now A is faithfully flat. So if <p e Spec A then Af^A 7^ 0. By Theorem 0(1) we 
get 

''afAss^^ ) =*P 

Taking °a on (*) yields the desired result. 

(d) Set B = A. The result follows from (c). □ 

We now prove the following: 

Theorem 5.9. Let (A, m) be a local complete intersection. Let M he a finitely 
generated A-module. Let I an ideal in A and let N — ®„>o Nn he a finitely 
generated TZ{I) -module. Then 

IJ IJ Ass Ext\{M, Nn) is a finite set. 

n>0 i>0 

Furthermore there exists iq, uq such that for all i > io and n > uq we have 
Ass Ext^'(M,7V„) = Ass Ext^*" (Af , Ar„ J 
Ass Ext^'+^M, 7V„) = Ass Ext^'''+^(M, 7V„J 

Proof. We consider the flat extension a: A ^ A. Say A = Q/{fi, . . . , fc) where 
(Q, n) is a regular local ring and /i, . . . , /c £ is a regular sequence. 1. Consider 
£{N) = 0i>o0„>oExt^(M,7V„) as an A-module. By Theorem [TJ E igi A is a. 
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finitely generated B — TZ{IA)[ti, . . . ij-algebra. By Lemma [5^ we get that Assa E 
is a finite set. Notice 



Assa£{N)= [j IJAssa Ext\{M,Nn) 



n>Oi>0 

2. Set £ = £{N). By 15.51 we have injective maps 




Using Lemma ES with B = A and E = we get that for each i >0 and n > 

Ass^ £:(i^„) = AssA ^^(i,„) <SiA A 
The result follows from 1. and (*). □ 



6. Application II 
Support Varieties 



Let (A, m) be a local complete intersection of codimension c. Let M, N be two 
finitely generated A-modules. Define 



In this section we prove the following theorem 

Theorem 6.1. Let (A,m) he a local complete intersection, M,N two finitely gen- 
erated A-modules and let I he a proper ideal in A. Then 

cyiA{M,PN) is constant for all j ^ 0. 

6.2. Reduction to the case when A is complete and residue field of A is 
algebraically closed 

6.3. Suppose A' is a flat local extension of A such that m' = mA' is the maximal 
ideal of A' . HE is an ^-module then set E' = E ®a A' . Notice J' = I A' and we 
consider it as an ideal in A' . By [TJ 7.4.3] A' is also a complete intersection. It can 
be easily checked that 

CXA'(M', [I'yN') = cxa{M,PN) for all n > 0. 

We now do our reduction in two steps 

By [31 App. Theoreme 1, CoroUaire], there exists a flat local extension A C A 
such that m = mA is the maximal ideal of A and the residue field A; of ^4 is an 
algebraically closed extension of k. By 16.31 it follows that we may assume k to be 
algebraically closed. We now complete A. Note that A is a flat extension of A 
which satisfies [6.31 

Thus we may assume that our local complete intersection A 

(!) is complete. So A = Q/{fi, ■ ■ ■ , fc) where {Q, n) is regular local and /i, . . . , /c G 

is a regular sequence. 
(2) The residue field of k is algebraically closed. 

Of course there exists many Q and /i, . . . , /c of the type as indicated ahove. We 
simply fix one such representation of A 
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6.4. Let U, V be two finitely generated A-modules. 

Let £{U,V) = 0„>oExt'l(C/,y) be the total ext module of U and V. We con- 
sider it as a (finitely generated) module over the ring of cohomological operators 
A[ti, . . . ,tc]- Since projdimg U is finite £*{U, V) is a finitely generated A[ti, . . . , tc]- 
module. 

6.5. Let e{U,V) = £-iU,V) (^a k. Clearly e{U,V) is a finitely generated T = 
k[ti, . . . , tc]-inodule. (Here degree of ti is 2 for each i — 1, . . . ,c). Set 

a{U,V) = annTe([/,y). 

Notice that a{U, V) is a homogeneous ideal. 

6.6. We now forget the grading of T and consider the afhne space A''{k). Let 

V{U,V) ^V{a{U,V)) C A^(fc). 
Since a{U, V) is graded ideal we get that V{U, V) is a cone. 

6.7. By a result due to Avramov and Buchweitz 2.4] we get that 

dimV(C/,y) = cxa(M, A^) 

Lemma 6.8. /// is an ideal in A then there exists jo > such that 

V{U,PV) = V{U, P" V) for all j > jo . 

We give a proof of Theorem 16.11 assuming Lemma 16.81 

Proof of Theorem \6.1\ By 16.31 we may assume that A is also complete and has an 
algebraically closed residue field. The result now follows from 16.71 and 16.81 □ 

6.9. Let N = 0^.>(, PV. Set M = U. By hypothesis A = Q/{fi, ■ ■ ■ , fc) where 
(Q, n) is a regular local ring and /i, . . . , /c C is a regular sequence. 

6.10. Set e(A^) = E{N) (g)A k. By Theorem □£ (TV) is a finitely generated S = 
TZ{I)[ti, . . . ,tc]-module. It follows that C{N) is a finitely generated, bi-graded, 
G — i^(/)[ii, . . . , tc]-inodule. Recall that F{I), the fiber-cone of /, is a finitely 
generated fc- algebra. So we may as well consider C{N) as a bi-graded 

R — k[Xi, . . . , X„i, ti, . . . ic]-module (of course here Xi, . . . , Xm are variables). 
Furthermore degXi — (1, 0) for Z = 1, ... to and degts — (0, 2) for s = 1, . . . , c. Set 
T = k[ti, . . . ,tc]. 

6.11. Advantages of coarsening the grading on C(A^) 

By forgetting the degree on t's we may consider R = T[Xi, . . . , Xm]- Notice that 
the correspondingly we obtain 

e{N) = ^e{u,Pv) 

n>0 

We now give a 

Proof of Lemma [67E[ We make the constructions as in 16.111 So C(A^) is a finitely 
generated R — T[Xi, . . . , Xm]-module. Notice that R is N-standard graded. So 
there exists jo such that 

anuT e{N)j = anuT e{N)j„ for all j > 0. 

The results follows. □ 
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Question 6.12 (with hypothesis as in l6.1|) . Is 

cxa{M, N/PN) constant for all j > 0? 
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